The phase diagram of a quantum paraelectric antiferromagnet EuTiO 3 under an external electric field is calculated using Landau-Ginzburg-Devonshire theory. The application of an electric field E in the absence of strain leads to the appearance of a ferromagnetic (FM) phase due to the magnetoelectric (ME) coupling. At an electric field greater than a critical field, E cr , the antiferromagnetic (AFM) phase disappears for all considered temperatures, and FM becomes the only stable magnetic phase. The calculated value of the critical field is close to the values reported recently by Ryan et al. [Nat. Commun. 4, 1334] for EuTiO 3 film under a compressive strain. The FM phase can also be induced by an E-field in other paraelectric antiferromagnetic oxides with a positive AFM-type ME coupling coefficient and a negative FM-type ME coupling coefficient. The results show the possibility of controlling multiferroicity, including the FM and AFM phases, with help of an electric field application.
I. INTRODUCTION
The search for new multiferroic materials with large magnetoelectric (ME) coupling leads to rich new physics, in addition to exciting potential applications involving magnetic field control of the dielectric properties, as well as electric field control of magnetization [1] [2] [3] [4] . Electric (E) field control of ferromagnetism is a hot topic for the scientists around the world because it has multiple potential applications in magnetic memory storage, sensorics, and spintronics (see, e.g., Refs. [5] [6] [7] , and references therein). For the case of semiconductors with a hole-induced ferromagnetism, the influence of the E-field on the carrier properties has been considered [8] [9] [10] . In the last few years, EuTiO 3 has been extensively studied as a basis for discovering new multiferroics. Recently, Ryan et al. [7] considered the possibility of a reversible control of magnetic interactions in EuTiO 3 thin strained films by applying an E-field. Because of Ti displacement from its central position under the E-field, changes in the spatial overlap between the electronic orbitals of the ions, and thus the magnetic exchange coupling, are expected. In particular, the density functional theory (DFT) calculation shows that the competition between ferromagnetic (FM) and antiferromagnetic (AFM) interactions is resolved in favor of FM for paraelectric EuTiO 3 film on compressive substrate when the applied E-field exceeds a critical value, estimated as E cr = 0.5 × 10 6 V/cm. It is obvious that the mechanism proposed in Ref. [7] is based on the magnetoelectric coupling.
Bulk quantum paraelectric EuTiO 3 is a low-temperature antiferromagnet [1, 2] . It exhibits an antiferrodistortive (AFD) transition at 281 K [11] [12] [13] [14] [15] and is paraelectric at all temperatures. The strained EuTiO 3 films, surprisingly, become a strong ferroelectric ferromagnet under epitaxial tensile strains exceeding 1% [16, 17] .
A lot of attention has been paid to the impact of the structural AFD order parameter (oxygen octahedron static rotations [18] ) on phase diagrams, structural, polar, and magnetic properties of EuTiO 3 , and its solid solution, Eu x Sr 1−x TiO 3 , with another quantum paraelectric, SrTiO 3 [19] . In particular, a complex interplay between the AFD order parameter and electric polarization in tensile-strained Eu x Sr 1−x TiO 3 thin films leads to the appearance of a low-symmetry monoclinic phase with in-plane ferroelectric polarization [20] . Another important possibility in Eu x Sr 1−x TiO 3 solid solution is to control the appearance of the FM phase by changing the concentration of Sr ions. The dilution of magnetic Eu ions by nonmagnetic Sr ions might change the type of magnetic order of the Eu ions because of the different percolation thresholds for FM (x F cr ≈ 0.24) and AFM (x A cr ≈ 0.48) order. Hence, a FM phase may become stable at some finite concentration of Sr ions [21] .
These facts motivated us to perform analytical calculations on the influence of the E-field on the EuTiO 3 phase diagram in the framework of Landau-Ginzburg-Devonshire (LGD) theory [22] [23] [24] [25] [26] [27] . In this paper, we consider the magnetoelectric coupling [28] characteristic for EuTiO 3 as the main mechanism of E-field influence on the phase diagram. We analyze and compare the magnetization and antimagnetization dependence on the polarization induced by an external E-field and on the magnetoelectric coupling. Our analytical results show the possibility to control multiferroicity, including the FM and AFM phases, with an applied electric field in different paraelectric antiferromagnets under certain conditions imposed on the ME coupling coefficients.
II. ELECTRIC-FIELD INDUCED FERROMAGNETISM IN BULK EuTiO 3
Let us study the possibility of electric-field induced ferromagnetism in bulk EuTiO 3 using LGD theory. For the considered case, the LGD approach is based on the phase stability analysis of thermodynamic potential (free energy), which is a series expansion to various powers of the order parameters (polarization, magnetization, and structural order parameters). The magnetization-and polarization-dependent part of the corresponding free energy is [21, 29] :
(1)
Here, P 3 is the ferroelectric polarization component, E 3 is the external electric-field component,
is the ferromagnetic magnetization square, and
is the square of the antiferromagnetic order parameter, correspondingly. The last two terms represent biquadratic ME coupling between order parameters.
The expansion coefficient α P depends on the absolute temperature T in accordance with Barrett's law, namely, α P (T ) = α
is the so-called quantum vibration temperature related with polar soft modes, and T (P ) c is the "effective" Curie temperature corresponding to the polar modes in bulk EuTiO 3 . Coefficient β P is regarded as temperature independent [21] .
The expansion coefficient α M depends on the temperature in accordance with Curie's law, namely,
where T C is the FM Curie temperature. Note that the dependence determines the experimentally observed inverse magnetic susceptibility in the paramagnetic phase of EuTiO 3 .
, where T N is the Neel temperature for bulk EuTiO 3 . For equivalent permutated magnetic Eu ions with antiparallel spin ordering, it can be assumed that α C ≈ α N . The coefficient λ of coupling between magnetic (M) and antiferromagnetic (L) order parameters (LM-coupling) should be positive, because only the positive coupling term λL 2 M 2 /2 prevents the appearance of FM (as well as ferrimagnetic) phases at low temperatures T < T C under the condition of √ β M β L < λ, regarded as valid hereafter [7] . Coefficients β L and β M are regarded as positive and temperature independent.
The biquadratic ME coupling contribution is
Following Lee et al. [17] , we assume that the ME coupling coefficients of FM and AFM are equal and positive, i.e., η AF M ≈ −η F M > 0 for numerical calculations, as anticipated for equivalent magnetic Eu ions with antiparallel spin ordering in bulk EuTiO 3 .
Here, is the structural order parameter (AFD displacement). The corresponding expansion coefficient α depends on the absolute temperature T in accordance with Barrett's law, [11, 12, 19, 20] . The biquadratic coupling coefficient ξ is regarded as temperature independent [30] [31] [32] . The last term in Eq. (1) describes the biquadratic coupling between the polarization and AFD order parameter. Neglecting the coupling between the (antiferro)magnetic and AFD order parameters, we utilize the fact that a strong magnetic field could shift the transition from cubic to AFD tetragonal phase in EuTiO 3 , but the shift is rather moderate, less than 5 K, and appears only at rather a high field of 9 Tesla [33] . Hence, we can neglect the coupling between AFD and magnetization, since we aim to consider the effects associated with the application of the electric field, not the magnetic field.
Note that magnetic anisotropy should be included in the functional Eq. (1) in the general case, and it should be coupled to the elastic strain u kl via the magnetoelastic coupling term, μ ij kl M i M j u kl , allowed by the parent phase symmetry. Unfortunately, in the case of EuTiO 3 , very little is known about the coupling tensor μ ij kl between the magnetization vector components M i and strain tensor u kl . Following Scagnoli et al. [34] , magnetoelastic coupling, if present, is expected to be negligible. So, restricted by the lack of experimental data about the magnetic anisotropy of EuTiO 3 , we neglect the magnetoelastic effect in Eq. (1).
Note also, that Barret's law may have restrictions and more complex expressions should be considered in the case of several coupled order parameters [35] . Considering the case of incipient ferroelectric and in order to obtain analytical results, one could suppose a linear dependence of polarization on the applied electric field
Here we introduce a linear dielectric susceptibility χ as
in the denominator of Eq. (3) due to the AFD and ME coupling.
Equations of state for the absolute value of the magnetization M and the antimagnetization L can be obtained from the minimization of the free energy (Eq. (1)). They are (
The formal solution of these equations contains the possible E-field induced phase transition, namely, the appearance of the mixed FM phase with order parameters:
The critical values of polarization could be found by substituting into the equations either M = 0 or L = 0, i.e.,
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The expressions in Eq. (5) correspond to the lower and upper critical fields, respectively:
Note, that the LM-coupling constant λ, β M , and β L are positive, as required for the stability of free energy (Eq. (1)). Using the conditions in the expressions in Eq. (6) 
Using the free energy (Eq. (1)) with EuTiO 3 parameters listed in Table I , one could see that the condition E > E cr | M=0 becomes valid for electric fields greater than 480 kV/cm at 0 K. The value is in reasonable agreement with DFT simulations performed by Ryan et al. [7] .
The complex behavior of M and L induced by E 3 can be explained by the phase diagram of bulk EuTiO 3 in the coordinates of temperature and external electric field, as shown in Figure 1(a) . Note that all the magnetic phases also possess an AFD ordering, and the influence is evidently included in the LGD-expansion (Eq. (1)); corresponding coefficients are listed in Table I . One can see from the diagram that the FM phase stability region starts at electric fields greater than 0.5 MV/cm at 0 K and converges to 0.83 MV/cm at 4 K. The paramagnetic (PM) phase is stable at temperatures greater than 5 K, while its boundary with the AFM phase slightly shifts to lower temperatures as the electric field increases. A triangular-like region of the AFM phase exists between the FM and PM phases at temperatures lower than 5 K and electric fields less than 0.83 MV/cm. A rather thin wedge-like region of the ferrimagnetic (FI) phase exists between the FM and AFM phases at temperatures less than 3 K and for fields between 0.4 MV/cm and 0.7 MV/cm. At a field of E cr 0.83 MV/cm, the AFM phase disappears at all considered temperatures, and so the true FM phase becomes the only absolutely stable magnetic phase. The phase diagram proves that an electric field higher than E cr transforms the bulk EuTiO 3 into a true and relatively strong FM state at temperatures lower than 5 K. The result opens up the possibility to control bulk EuTiO 3 between different magnetic phases using an external electric field. In particular, our calculations prove that it becomes possible to control the multiferroicity, including the content of FM and AFM phases, with the help of external electric fields. Note that Fig. 1(a) addresses the question of which phase (FM, FI, AFM, or PM) is absolutely stable at a given temperature and electric field. indicating the presence of an electric-field induced FI phase that microscopically could be realized as a canted AFM phase, as anticipated for equivalent magnetic Eu ions with antiparallel spin ordering at zero field. For realistic values of applied field, the temperature range of the FM phase is below 5 K. As one can see from Fig. 1(b) , the temperature interval for the existence of magnetization M increases with applied electric field. For example, the transition to FM phase occurs at 1 K for the field E 3 = 0.5 MV/cm and at 5 K for E 3 = 0.9 MV/cm. Note that the FM transition is of the second order for E 3 = 0.9 MV/cm, but it is more close to the first order at smaller E 3 . The magnetization value, which is ß0.5 A/m at low temperatures, is higher than the corresponding antimagnetization. Antimagnetization, L, completely disappears for E 3 = 0.83 MV/cm, and only FM magnetization exists at this field. Antimagnetization L disappears at about 5 K and electric field E crL = 0.65 MV/cm (the second-order phase transition). The points of the second-order phase transition depend on the E 3 value rather weakly. In contrast to magnetization, which appears at low temperatures at E-field higher than critical one and then only increases as the temperature decreases down to 0 K, the antimagnetization L does not exist at low temperatures and at E-field higher than critical one it typically appears in the temperature range with no magnetization 3 . Polarization-related coefficients have indexes "P", magnetization and antimagnetization coefficients have indexes "M" and "L" correspondingly, and AFD order parameter-related coefficients have indexes " ". P-, LM-, and ME-coupling coefficients are listed in the last lines of the table. Note, the equality α C ≈ α N comes from the equivalence of the magnetic sublattices in EuTiO 3 .
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(compare solid and dashed curves in Fig. 1(b) ). The higher the electric field, the smaller is the temperature region of nonzero antimagnetization: For example, it exists from 0.5 K to 5 K at E 3 = 0.5 MV/cm and from 3.5 K to 4.5 K at E 3 = 0.9 MV/cm. Figures 1(c) and 1(d) illustrate magnetization M (solid curves) and antimagnetization L (dashed curves) as a function of polarization induced by an external electric field and as a function of electric field itself at different temperatures from 1 to 5 K. One can see that at electric fields less than the critical value, only AFM magnetization exists. For the electric fields greater than the critical value, a ferromagnetic magnetization occurs and increases as the strength of the electric field (or polarization) increases. An unusual cross-over from the first-order phase transition (corresponding to the FM magnetization appearance) to a second-order transition appears with an increase in temperature. The decrease in antimagnetization for electric fields greater than the critical value follows the first-order transition. The critical field value increases, and the "gap" between the AFM and FM states shrinks as the temperature increases (compare the curves calculated for 1 K with the ones for 4 K). At temperatures of 1-4 K, the thin region of M and L coexistence, i.e., FI phase, is seen. At 5 K, there is a pronounced gap between the AFM and FM states.
Note that the critical values of polarization and E-field depend on the temperature, as one can see from the examples shown in Figs. 1(c) and 1(d) . A comparison of the x-axis in Figs. 1(c) and 1(d) provides insight into the polarization values induced by the electric field. Polarization below P cr (or subcritical electric fields) cannot induce the FM in bulk EuTiO 3 . At the same time, a polarization value higher than the critical value induces FM with rather high M values (up to 0.6 MA/m). The LGD approach makes it possible to calculate the corresponding phase diagram of the dependence of stable magnetic phases on the applied electric field and magnetoelectric characteristics.
Although the main result of the study is that strain is not required to realize the FM phase, the value of the critical electric field should change with the strain. We can expect different trends for the value of critical field under the application of hydrostatic pressure or biaxial tensile or compressive strains to EuTiO 3 . Our estimations show that the critical electric field should increase under hydrostatic pressure, while it can change in an anisotropic manner for biaxial tensile or compressive strains. Biaxial strains can lead to an increase in the critical field in some direction and a decrease in the other directions. The impact of shear strains can be even more complex.
III. DISCUSSION AND CONCLUSION
The phase diagram proves that an electric field higher than E cr transforms the bulk EuTiO 3 into a true and relatively strong FM state at temperatures lower 5 K. Therefore, it can be shown that at fields E greater than E cr = 0.83 MV/cm and temperatures T < 5 K, the transition temperature to the FM phase becomes higher than the transition temperature to the [7] . Generally speaking, one can look for the fulfilment of expressions in Eq. (6) in other paraelectric antiferromagnetic oxides with ME coupling coefficients satisfying the conditions η F M < 0 and η AF M > 0, where the magnetization could be induced by an electric field E > E cr | M=0 (where E cr | M=0 is given by Eq. (6)), at some temperature range defined by the conditions α M (T ) > 0 and α L (T ) < 0. The search for such materials seems to be important both for understanding the mechanisms of ME coupling and for possible applications. The main current problem is the limited knowledge about ME coupling coefficients.
Let us discuss some cases when one can expect E-field induced magnetization. In particular, such supposition can be made on the basis of data known for solid solutions Sr 1−x Ba x MnO 3 [36] and Sr 1−x Eu x TiO 3 [21] . Sakai et al. [36] has shown the strong suppression of ferroelectricity observed at x 0.4 and originated from displacement of Mn +4 ions upon the AFM order. This gives direct evidence that η AF M > 0, and with respect to the above written expression for the critical field, η F M < 0. The assumption about different signs of η F M and η AF M also agrees with Smolenskii and Chupis [37] , as well as Katsufuji [1] and Lee et al. [17] . In particular, Smolenskii and Chupis and Katsufuji [1] stated that it is natural to consider that the dielectric constant is dominated by the pair correlation between the nearest spins, which phenomenologically leads to the ME term ηP 2 (M 2 − L 2 ). Therefore, we arrive at the conclusion about the fulfilment of conditions in Eq. (6) and hence the possibility to induce magnetization by E-field at x < 0.4, e.g., x = 0.2, where we have a paraelectric antiferromagnet. Following Table II Table I ). Since it is possible to have a FM phase for x between the percolation thresholds of the FM (x = 0.24) and AFM phases (x = 0.48) [21] , one has to look for the E-field induced FM phase, e.g., at x < 0.2.
Note that in Table II , we did not include the already mentioned E cr = 0.5 × 10 6 V/cm for EuTiO 3 film under biaxial compressive strain [17] and the Sr x Eu 1−x TiO 3 paraelectric antiferromagnet for x < 0.2, since we do not know the values for all the necessary parameters. The search for other paraelectric antiferromagnets that satisfy the conditions η F M < 0 and η AF M > 0 is in progress.
An experimental confirmation of the theoretical prediction is desirable. The observation of the FM phase under an electric field or induced by polarization due to a shift in Mn +4 or Ti +4 ions will provide direct evidence of the magnetoelectric coupling mechanism based on the superexchange of Mn-O-Mn or Eu-Ti-Eu bonds proposed recently in Refs. [7, 36] based on first principle calculations.
Ryan et al. [7] proposed to use the electric field to tune the magnetism in strained EuTiO 3 thin film. Note that elastic strain has been a critical component for inducing ferroelectricity with ferromagnetism in EuTiO 3 thin films. In contrast, in this study, we predict that this coupling is also possible in bulk unstrained EuTiO 3 and in other paraelectric antiferromagnet oxides with a positive AFM-type magnetoelectric coupling coefficient and a negative FM-type magnetoelectric coupling coefficient. Since the coupling coefficients, including their signs, are defined by the microscopic interactions, we believe that our predictions indeed reflect the underlying physical mechanism of the phenomena. The critical electric field required for the origin of ferromagnetism varies from relatively high values, 0.83 MV/cm (for bulk EuTiO 3 ), to relatively small values, 0.02 MV/cm (for bulk Sr 0.7 Ba 0.3 MnO 3 ). We hope that our phenomenological prediction can stimulate systematic ab initio calculations and experimental studies of the couplings in paraelectric antiferromagnet oxides. 
